In this paper, we mainly study persistence properties for a generalized Camassa-Holm equation with cubic nonlinearity, and we prove the persistence properties in weighted spaces of the solution to the equation, provided that the initial potential satisfies a certain sign condition. Our results extend the work of Brandolese (Int. Math. Res. Not. 22:5161-5181, 2012) on persistence properties to the Fokas-Olver-Rosenau-Qiao equation. In contrast to the Camassa-Holm equation with quadratic nonlinearity, the effect of cubic nonlinearity of the Fokas-Olver-Rosenau-Qiao equation on the persistence properties is rather delicate.
Introduction
The present paper focuses on the Cauchy problem of the integrable modified Camassa Recently, the authors in [] showed that the local structure of the initial profile can affect the singularity formation and seek initial datum with a sign-changing momentum density m that can generate finite-time blow-up. It was also found that Equation (.) is related to the short-pulse equation derived by Schäfer and Wayne [] ,
which is a model for the propagation of ultra-short light pulses in silica optical fibers [] and is also an approximation of nonlinear wave packets in dispersive media in the limit of few cycles on the ultra-short pulse scale [] . The original Camassa-Holm (CH) equation 
which was recently discovered by Novikov in a symmetry classification of nonlocal PDEs with quadratic or cubic nonlinearity [] . The perturbative symmetry approach [] yields necessary conditions for a PDE to admit infinitely many symmetries. Using this approach, Novikov was able to isolate Equation (.) and find its first few symmetries, and he subsequently found a scalar Lax pair for it, proving that the equation is integrable. By using the prolongation algebra method Hone and Wang [] gave a matrix Lax pair and many conserved densities and a bi-Hamiltonian structure of the Novikov equation and showed how it was related by a reciprocal transformation to a negative flow in the Sawada-Kotera hierarchy. In the present paper, we intend to find a large class of weight functions φ such that
where · p denotes the usual L p norm. This way we obtain a persistence result on solutions Definition . An admissible weight function for Equation (.) is a locally absolutely continuous function φ : R → R such that, for some A >  and almost all x ∈ R, |φ (x)| ≤ A|φ(x)|, and that is v-moderate for some submultiplicative weight function v satisfying inf R v >  and
We can now state our main result on admissible weights. 
Theorem . Let T > , s > /, and  ≤ p ≤ ∞. Let also u ∈ C([, T], H s (R)) be a strong solution of the Cauchy problem for Equation
for some constant C >  depending only on v, φ (through the constants A, C  , inf R v, and
e |x| dx < ∞), and
The basic example of the application of Theorem . is obtained by taking the standard weights φ = φ a,b,c,d (x) = e a|x| b ( + |x|) c log(e + |x|) d with the following conditions:
The restriction ab <  guarantees the validity of condition (.) for a multiplicative function v(x) ≥ . Thus, we have the following two special persistence properties.
Remark . () Take φ = φ ,,c, with c > , and choose p = ∞. In this case, Theorem . states that the condition
implies the uniform algebraic decay in [, T]:
Thus, we obtain the algebraic decay rates of strong solutions to Equation (.). By the way, we already know that this result holds for the CH equation 
. See Theorem ., which covers the case of such fast growing weights. In other words, we want to establish a variant of Theorem . that can be applied to some v-moderate weights φ for which condition (.) does not hold. Instead of assuming (.), we now put the weaker condition
where  ≤ p ≤ ∞. 
Theorem . Let  ≤ p ≤ ∞, and let φ be a v-moderate weight function as in Definition . satisfying condition (.) instead of (.). Let also u| t=
= u  satisfy u  φ ∈ L p (R), u  φ   ∈ L  (R), γ φ ∈ L  (R) and (∂ x u  )φ ∈ L p (R), (∂ x u  )φ   ∈ L  (R).
Let also u ∈ C([, T], H s (R)) with s > / be the strong solution of the Cauchy problem for
Equation (.) emanating from u  . Then, sup t∈[,T] u(t)φ L p + ∂ x u(t) φ L p and sup t∈[,T] u(t)φ   L  + ∂ x u(t) φ   L  are finite.
Analysis of the Equation (1.1) in weighted spaces
In this section, we shall discuss the persistence properties for a generalized CamassaHolm equation (.) in weighted L p spaces. For the convenience of the readers, we present some standard definitions. In general, a weight function is simply a nonnegative function. A weight function v : R n → R is called submultiplicative if
Given a submultiplicative function v, a positive function φ is v-moderate if and only if
If φ is v-moderate for some submultiplicative function v, then we say that φ is moderate. This is the usual terminology in time-frequency analysis papers [] . Let us recall the most standard examples of such weights. Let
We have (see [] ) the following conditions: Proof of Theorem . In fact, we can rewrite the Cauchy problem (.) as follows:
where
On the other hand, from the assumption
For any N ∈ Z + , let us consider the N -truncations of φ(
Moreover, as shown in [] , the N -truncations f of a v-moderate weight φ are uniformly v-moderate with respect to N . We start by considering the case  ≤ p < ∞. Multiplying Equation (.) by f |uf | p- (uf ) and integrate to obtain
Note that the estimates
In the first inequality, we used Hölder's inequality, in the second inequality, we applied Propositions . and . in [] , and in the last one, we used condition (.). Here, C depends only on v and φ. From (.) we can obtain
Next, we will give estimates on u x f . Differentiating (.) with respect to the x-variable and then multiplying by f produce the equation
Multiply this equation by |f ∂ x u| p- (f ∂ x u) with p ∈ Z + , integrate the result in the x-variable, and note that
In the third inequality, we applied the pointwise bound |∂ x G(x)| ≤   e -|x| and the condition
In the last inequality, we used |∂ x f (x)| ≤ Af (x) for a.e. x. Thus, we get
Now, combining inequalities (.) and (.) and then integrating yield
Finally, we treat the case p = ∞. We have
Hence, we have
The last factor in the right-hand side is independent of q.
The last factor in the right-hand side is independent of N . Now taking N → ∞ implies that estimate (.) remains valid for p = ∞.
Proof of Theorem . Arguing as in the proof of Theorem ., we can easily get
where 
Therefore,
where the constants C  depending only on φ, |γ |, and the initial data. Similarly, recalling that ∂ x G ≤   e -|x| and ∂
Plugging the last two estimates into (.) and (.), and summing, we obtain
Integrating and finally letting N → ∞ yield the conclusion in the case  ≤ p < ∞. The constants throughout the proof are independent of p. Therefore, for p = ∞, we can rely on the result established for finite exponents q and then let q → ∞. The remaining argument is fully similar to that of Theorem ..
